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to inhibit the formation of the FtsZ-ring [2]. Minbs an

Abstract—The dynamics of Min proteins plays a center role ilATPase that is connected peripherally to the cyspic

accurate cell division. Although the nucleoids npegsumably play
an important role in prokaryotic cell division, teeis a lack of
models to account for its participation. In thisriyowe apply the
lattice Boltzmann method to investigate proteiniltz®on based on a
mesoscopic model that takes into account the nigtteoole. We

found that our numerical results are in reasonaolyd agreement
with the previous experimental results On compavitlp the other
computational models without the presence of nudtgo the

highlight of our finding is that the local densgief MinD and MinE

on the cytoplasmic membrane increases, especildlygathe cell

width, when the size of the obstacle increaseglingato a more
distinct cap-like structure at the poles. This deatindicated the
realistic pattern and reflected the combination Min protein

dynamics and nucleoid’s role.
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|. INTRODUCTION

ELL division is one of the most important process i
asexual reproduction, in order to separates artgelltwo

membrane. It can bind to the MinC and activatefainetion of
the MinC [3, 4]. Recent studies show that the Micdh also
recruit the MinC to the membrane. This leads togssy that
the MinD collaborate with the MinC by concentratitige
MinC near to its targeted site of activation [5, ®finE
provides topological specificity to the divisiorhibitor [7]. Its
expression results in site-specific suppression tbé
MinC/MinD action by which the FtsZ assembly is aled at
the middle of the cell but is prohibited at the estlsites.
Without the MinE, the MinC/MinD is distributed upifmly
over the entire membrane. This results in a coraf&ickage
of Z-ring formation. The long filamentous cells, ialm
subsequently form, are not able to divide [5, &]8,

The presence of MiInE is not only required for MiMziD
oscillation, it is also involved in setting the drgency of the
oscillation cycles [8]. Several sets of evidencevehdeen
complied to show that the MinE localization cycsestrongly
coupled to the oscillatory behavior of MinD. Recent
microscopy of the fluorescent labeled proteins ined in the

daughter cells. Within the process, the DNA hasnbegegulation of E. coli division have uncovered stable and

duplicated and taken part into two regions. Expenitally, the
Min proteins that control the placement of the slimn site are
the MIinC, the MinD, and the MiInE proteins [1]. Exjpeents
involving the use of modified proteins show thainkaiis able
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coherent oscillations (both spatial and temporaipieg these
three proteins [10]. The proteins move between the
cytoplasmic membrane and cytoplasm, and produce an
oscillating pattern from one end to the other eridthe
bacterium. The detailed mechanism to describe babtlavior

of these proteins to determine the correct positidnthe
division plane is yet unknown, but the observedegotpole
oscillations of the corresponding distribution d&ieved to

be essential and not ignorable.

Several models for Min protein oscillation have mee
proposed and studied [11-15, 16 , 17]. These modsis
described as macroscopic nonlinear reaction-ddfusi
equations (RDE) and are solved numerically by using
conventional finite difference schemes. Howard le{2001)
[13] proposed an RDE model which is expressed kg th
dynamics properties of a protein’s association disdociation
with the membrane. Meinhardt et al. (2001) [16]uded the
dynamics of FtsZ proteins in their model and sutggkshat
the pattern formation of the Min system depends tla
interaction of a self-enhancing component, as aglits long-
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ranging antagonists. Kruse et al. (2002) [15] fotimak pole-
to-pole oscillation is related to a tendency of rhesme bound
MinD to cluster, attach, and detach from the celllw

However, the model proposed by Kruse imposed rapid

membrane diffusion of MinD which seems unrealistio.

2004, Huang and Wingreen [14] proposed a model to

reproduce the experimental oscillations in a numisecell
shapes such as rod-shape, round and ellipsoidaR00b5,
Drew et al. [11] proposed a mathematical model éscdbe
the polymerization and depolymerization behaviorMihD.
Their results are that the MinD protein binds te thembrane,
followed by the subsequent binding of MinE. Modaofpa al.
(2005) [17], who studied the effects of an extefiedt, found
that the concentrations of MinD and MiInE are nansyetric
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Fig. 1 A schematic diagram of the MinD/MInE dynamighich was
proposed by Howaret al. (2001)

about the middle of the long cell axis, nor are the In dimensionless form, the dynamics are expressethe
minimum/maximum MinD and MInE concentrations at thdollowing equations:

middle of the long axis.

All aforementioned models deal only with the ostin of
Min proteins, yet nucleoid zones are also an ingrdrfactor
of cell division after the duplication phase haswced. This
present work therefore focuses on modeling of Miotgins
oscillation taking into account the role of nuckias
obstacles to Min proteins flow insidE. coli by using a
mesoscopic LBM. Since this is the first investigatiof this
condition for Min protein movement, our main goal to
understand the pattern formation in the Min protéow
compared to that produced by previous models wtidhot
account for such obstacles. We expect that ouinfigsdcould
contribute to a better understanding of Min protesaillation-
mediated cell division.

[I.MIN PROTEINDYNAMICS MODEL

As an insights into the nature of the dynamics ah M
proteins is of great importance, we initially folled Howard
et al.’s model [13], wherein a set of four non-linear pkad
reaction diffusion equations in one spatial dimensvas used
to describe pole-to-pole oscillation of Min protinTheir
explanation of Min protein dynamics was restrictedonly
one spatial dimension and for that reason it maybeovery
realistic. Thus, we turned to Waipetal. [18], who extended
their model to two spatial dimensions and used l#ttce
Boltzmann method (LBM) to study the oscillation dymics of
the Min proteins inE. coli. Straightforward and relatively
simple, the model gives the correct placement efdivision
septum inE. coli. This feature makes is easy to add th
nucleoids as obstacles in our study. This condisbowed
allows a more realistic explanation of the mechanid Min
proteins during the cell division process. This hadsm is
controlled by the rates of change of the proteimsities which
are a result of the diffusions of MinD and MinE atdthe
mass transfer between the cell membrane and tbplagm, as
schematically shown in Fig. 1.
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6(;[, -Dy%p, =Ry = —% tO.00 (O
aa% -D,0%°p, =R, = 1%:2';& ~0,0.Lq @)
%—DEDZpE =R :%—MDPE (3)
%—DEDZ,OG =R =—%+03,09,05 (4)
where [0° is the two dimensional Laplacian operator.

Subscription letters s={D, d, E,& stand for the

cytoplasmic MinD, the membrane bound MinD, the
cytoplasmic MinE, and the membrane bound MinE,

respectively. Here,Q_ is the mass density of particles of
speciesS which is a function time and positior(X, y). R

is a reaction, Dy is the diffusion coefficient;0; is the
parameter related to the spontaneous associatidvirdd to
the cytoplasmic membrane:;’l' is that which is related to the
suppression of MinD recruitment from the cytoplalynthe
membrane bound MiInE; and the, reflects the rate that
MinE on the membrane drives the MinD on the membiato
the cytoplasm,g; is the rate that cytoplasmic MinD recruits

cytoplasmic MinE to the membrane, describes the rate of
Bissociation of MinE from the membrane to the cldem, and

I

0, represents the cytoplasmic MinD suppression of the

release of the membrane bound MinE. The diffusiantie
membrane is assumed to be negligible as the aléipsoare
immobile in the cytoplasm [13] and it seems reabnéo set

D, and D, equal to zero. In this dynamics, we allow the Min
protein to bind/unbind from the membrane, but na& b
degraded in the process. Thus, the total amourgdoh type

of Min protein and the total concentration of Mirofeins are
conserved.
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In this work, we focus on the MinD/MIinE dynamicsthw fleas) = 8 7
. . . a aps1 ( )

nucleoids as obstacles. These nucleoids appeacatypi
around the central region of cell poles inErcoli where the Where &} is the weight function which depends on the lattic
presence of bulk DNA has an inhibitory effect osZting symmetry [22]. The density of particle speciss denoted by
formation. Two complementary mechanisms have be
proposed for localizing cell division in rod-shap&d coli
cells: one where nucleoid occlusion [19] preventsZFing form:
assembly on membrane regions immediately surrogndin ga; = a);RS (8)
nucleoids that are actively involved in transertj2@], and the
other where the Min system [8] inhibits FtsZ rinrgsembly at
cell poles, while allowing ring formation at midtebince the the density of the reacting species. By Chapmark&mns
nucleoid and Min system appear to be independergach expansion [23], the relation between the diffusimefficient
other, our studies are simplified with the nuclepahes used and relaxation time is

e : : , ,
,BS. For the reactive termg,, we use the simple isotropic

The term R, is the non-linear reaction term and depends on

as obstacles in aB. coli cell during the accurate positioning 1 1
process of the septum. The schematic diagram irstodies is s é(TS _E) ©)
The simulation process also consists of two stdpsh are
N b governed by the following two equations:
. \ Collision:
'D | Hiusion 1
= e \ . ~ 1 ~ _
=09 (R = R0~ (&= 1S @O+ iR
« Diffusion r
' (10)
Streaming:
@ i Cxtoptamic fS(X+8&,0t,t+3t) = 5 (X,t+3t) (11)
. MinE membrane

Fig. 2 A schematic diagram of the MinD/MInE dynamigith For the boundary condition, we use the mirror-imagshod

nucleoid zones suggested by Zhare al. [24] as shown in Fig. 3.

lIl. THELATTICE BOLTZMANN METHOD AND SIMULATION s4|% - »

In this section, we apply the lattice Boltzmann moel e
(LBM) for obtaining reaction diffusion equations E), as L
shown in Eqg. (1)-(4). The discrete form of the itatt
Boltzmann equation can be written as L 1

= . _ . Emmmmm o - 3 - 1

f3(X+8 At,t+dt)— f5(X,t) = Q3 (X,1), 5) :
where f;(X,t) is the particle distribution function of species
S with discrete velocity€, at spaceX and timet. The
speciess={D, d, E, & represents the cytoplasmic MinD, Cal - g
membrane-bound MinD, cytoplasmic MIinE and membrane- 2
bound MInE, respectively. The collision operatéi; for Fig. 3 Sketch of mirror-image boundary condition

speciesS can be separated into two terms [21]. The finshte

is the Boltzmann BGK approximation of the distriobut  If the node B is a boundary node, it will see its image in
function with a single relaxation tim&; and the second term node |. The distribution functions are also specifiedtta
image node, to serve as the missing distributioction to the
real node. The exact form of the distribution fumactat the
QS(Y(,t) — _i (f S()?,t) — f (eds) (X,t))+ qu , (6) image cell is yet to be decided by the specificriatauy. In this

a r, “ a a work, the impermeable boundary is applied and seems

) o o appropriate for the reaction-diffusion system. Fthe

is the equilibrium distribution. Here we use th§nnermeable  boundary, the distribution functions the
simple equilibrium distribution function correspamgl to a imaginary nodes use the mirrored distribution fiorcat their
system with zero mean flow as real corresponding nodes. As in Fig. 3, the prdisioh and

is a reactive collision term so that

where fofeq‘s)
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pre-streaming distribution functions at the imagjnaode |
are:

f,(1,t) = f,(B,t)

f(1,t) = fs(B,t)

fs(1,t) = f,(B,t)
Such boundary conditions are considered suitahleaftow
speed flows and diffusion systems [24].

IV. RESULTSAND DISCUSSIONS
Use The LBM model given in section 3 is implemented

In our simulations, the interaction between eaahlevid
and the Min proteins is mainly presented in thanfarf a
mirror-image boundary condition. This is to reflecphysical
interaction in contrast to a chemical interactidie main
reason for this consideration is that we wantedstrt our
investigation with a simple model and take advamtafjthe
LBM, which is a proven all-around computational hust for
complicated models [18]. Here, the dimension oftatles are
r Xr. Other parameters are given in [13], are summaiiized
Table 1.

From the simulation data of MinD and MiInE, it wiasind

simulate the two-dimension (2D) model on a personghat as a result of the increase in the size di eacleoid from

computer using C programming. To simplify the caglithe
LBM algorithm needs all parameters to be dimensissl So
we transform the original parameters by letting

N=p/py. Dp=Dpdt/(d%)?, Dg = Dedt/(d%)%,
g,=ogot, 0,=0,p, 0,=0,00t, 0,=0,00t,
G, = 0,00, 0,=0,0,
where ot, OX and p, are the time step, grid spacing, an

the unit of concentration, respectively. The retmratime 7

is calculated by Eq. (9). We assume that Ehecoli cell is
rectangular and the dimension is taken tdlke2 4/m. In the
simulation, we choose discrete space

Ox=9y=2x107 um and time stepdt =4x10* s,
and setQ, :1/,um2 as the concentration unit. In this stud

we place square obstacles at the central regi@elbpoles to
represent the nucleoid zones (see computationadithoim Fig.

4). Infact, we have tested our model by placing muneeoid in
the middle of the cell. With this set-up, it appedhat the
system can not provide the division site aroundntiddle of
the cell, as normally occurs in nature Ercoli. This supports
the biological fact that in the dividing processemhthe cell
already has duplicated all contents to be ready deilt

partitioning, the cell is composed of two nucleawhes, with
each being approximately in the middle of each belf. This
is the configuration that we use here in our sithta We also
assumed that each nucleoid has a square shapaly chaé to
the lattice and cell characteristics that we imposs a
rectangular system, which has been found to work iweur

previous investigations [18].

Ny

Nx
Fig. 4 The computational domain for tBecoli cell with nucleoids
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0% to 9% of the cell size [25], the oscillationteat of MinD
and MinE proteins for an obstacle that is 9% of ¢bé size
gives the best agreement with that in the experiaieasults,
as shown in Fig. 5 and 6. The MinD appears to Ipeadt the
polar zones, while MinE prefers to localize arotinel middle
of the cell. These results not only agree well weitiperimental
data from the point of view of flow pattern founidat, but also

ith regards to the size of each nucleoid. Morepvereasing
he percentage of each nucleoid in the cell sizé (@), the
MinD and MInE proteins show a localization patteear the
cytoplasmic membrane, which is relatively more mist than
that found when no nucleoid is included. Once ag#iis
characteristics of protein dynamics agrees wellhwihe

SteRSperimental results [26, 27] where MinD and MinBtpins

are located at or near the cytoplasmic membranelessgr
appear in the cytoplasm.

y With regards to the effect of the obstacles on Khie

protein dynamics, we found that the local densftnD and
MinE on the cytoplasmic membrane increases, especia
along the cell width, when the percentage of olbstacspace
increases. In other words, the results indicatedl ttie size of
the obstacle (nucleoid) may induce higher local sitgnof
MinD and MInE at the cytoplasmic membrane. Thesailte
agree with experimental data, as shown in Fig.ribFg. 6b.
The high fluorescent intensity of both proteindoisated near
the cytoplasmic membrane. One explanation for mhésy be
the fact that added nucleoids establish a physicaleoid
occlusion constraint and force Min proteins to rilisite more
in the vicinity of the membrane leading to the d&p-
membrane bound structure. In addition, we investidjehe
pattern formation of MinD and MiInE proteins in texof time-
averaged density, as shown in Fig. 7. It is fourat bne again
both proteins show different localizations normadigen in
experiments. The density of MinD is maximum densitythe
cell poles and minimum at the midcell, while thatMinE is
minimum at cell poles and maximum at midcell. Tindicates
that the division site is likely to occur at or nehe midcell
zone. Biologically, the MinD in our simulation iadeed the
MinC/MinD complex. MinC is the division inhibitomi this
system and it interacts with the division protetez-to prevent
formation of stable FtsZ rings, an essential fs&p in an
assembly of the division machinery [28].



International Journal of Computational and Mathematical Sciences 4:3 2010

(a)

0%

4%

9%

(b)

G D

Fig. 5 MinD dynamics from LBM and experiment. {&)e numerical
results of MinD dynamics for different condition§ abstacles. The
obstacles are shown at 0,4,9 percents of cell s{bg¢. The
experimental results of MinD protein are shown iernt of
fluorescent intensity [26, 27]. The MinD clusterg abserved near
the cytoplasmic membrane

(b)

- J-=f -

Fig. 6 MinE dynamics from the LBM and experimend) The

numerical results of MIinE dynamics for differentnditions of

obstacles. The obstacles are shown at 0,4,9 pseroéwrell size. (b)
The experimental results of MinE proteins are shawrterms of

fluorescent intensity [26, 27]. The MInE clustere abserved near
the cytoplasmic membrane

(a)

4%

9%

V.CONCLUDING REMARKS

To summarize, we have
movement of Min proteins irE. coli with nucleoids as
obstacles. With an appropriate nucleoid size, dselts are in
reasonably good agreement with those from otheeraxgnts:
namely MinD density is maximum density at the pelles and
minimum at the midcell, while MIinE density is minim
density at the cell poles and maximum at midcallhas been
shown by previous models and experimental studiesce,
our results indicate that the division site maywcat or near
midcell zone.
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()

()

Fig. 7 Time-average plots of MinD and MIinE dynasnfcom the

LBM with and without obstacles. The MinD protein shown in

terms of the time-averaged density for the obsta@|é,9 percents of
cell size as shown in (a), (c), (e), respectivé@lye MinE protein is

shown in terms of time-averaged density for thetades 0,4,9
percents of cell size as shown in (b), (d), (Rpectively

On comparing the results from this work with thakme
with other models with no nucleoid present, thehhight of
our findings is that local densities of MinD andrii on the
cytoplasmic membrane (which are relatively highemt those
found with no nucleoid present) increases, esggcabng
cell width, when the percentage of obstacle spacesases,
leading to a more distinct cap-like structure a¢ tholes.
Finally, we would like to mention that the LBM apjach is a
useful scheme for simulating biological systemthatcellular
and molecular level and which are governed by react
diffusion equations.
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